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Initialization as mapping processes  
&  

Delay coordinate nudging 



Initialization methods: Formulation 
Let assume to have the model 

used to describe the (unknown) true process  

•  Unresolved scale  
•  The truth is observed at discrete times and locations and 

observations are assumed affected by Gaussian white-in-time noise 
 
•  FULL FIELD INITIALIZATION -  
•  ANOMALY INITIALIZATION -  



FFI vs AI – Some facts 

•  FFI assimilates observations as if they were perfect – There is not an 
optimal misfit between model and observations like in data 
assimilation methods. 

 

•  FFI reduces the initial error but, in the presence of model error, 
predictions may be subject to drift toward the model climate (i.e. the 
attractor). 

 

•  Predictions with FFI are also prone to initial shocks when the initial 
conditions are not consistent with the model´s possible realizations 

 

•  At the expense of a larger initial error, AI attempts to keep initial 
states closer to the model attractor and thus to reduce drift and 
initial shocks  

When will AI be successful ? 



AI as a mapping scheme 

Desired property of a mapping scheme: 
 PR1 - The mapped state is on the model attractor 

Twin state 
(“image” of 
nature state) 

The skill of AI can be assessed in relation to property 1 

AI is a linear mapping 
 

AI’s mapping vector is a state-
independent constant given by 
the bias    
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Diagnostic tools of a mapping scheme 
Approximation of the model attractor (property 1) is inferred 
using the Bhattacharyya coefficient: 

€ 

BC(p,q) = p(x)q(x)
x∈X
∑

€ 

0 ≤ BC ≤1

Do AI initial conditions approximate the model attractor?  
Does this affect skill? 

p(x): model PDF ; q(x): PDF of the initial conditions of AI / FFI  

p(x) 
q(x) 



Numerical test: idealized coupled 
model 
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˙ x e =σ(ye − xe ) − ce (Sxt + k1)

€ 

˙ z e = xe ye − bze

€ 

˙ y e = rxe − ye − xeze + ce (Syt + k1)

€ 

˙ x t =σ(yt − xt ) − c(SX + k2) − ce (Sxe + k1)

€ 

˙ y t = rxt − yt − xtzt + c(SY + k2) + ce (Sye + k1)

€ 

˙ z t = xt yt − bzt + czZ

€ 

˙ X = τσ(Y − X) − c(xt + k2)

€ 

˙ Y = τrX −τY −τSXZ + c(yt + k2)

€ 

˙ Z = τSXY −τbZ − czzt

Coupling error: 
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Forcing error: 



Does Anomaly Initialization 
approximate the model attractor? 
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c,cz( ) = 0.8,0.9( ) :
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Skill as a function of the bias  
error in the forcing 

FFI: forecast skill decreases as 
initial conditions lie further 
outside the model attractor. 
  
AI:  initial conditions approximate 
the model attractor irrespective of 
the size of the bias, resulting in a 
constant forecast quality. 
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Property 1 is met by AI 



Skill as a function of the bias 
error in the coupling 

The distributions of BC points for both 
AI and FFI are similar, in spite of the 
fact that AI is designed to approximate 
the model attractor. 
 
The bias no longer explains the 
difference in the model and “nature” 
statistics, resulting in poor skill for AI. 
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Property 1 is unmet by AI 



Conclusions – Part I 

�  AI will perform better if the differences with respect to the nature PDF 
are limited to the first-order moment. This is connected to the fact that AI 
is a linear correction scheme. Differences in the higher order moments 
must be negligible. 

�  If the above is not true, AI is being “blindly” applied, possibly deteriorating 
the observational information 

�  Model and observations’ PDFs are available and can be analyzed a-priori  
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(d) ns = 4

RMSE as a function of the 
coupling strength (k) for 
different observational 
density 
 
Depending on the observations 
density (from dense, ns=1, to 
sparse, ns=4) a different 
optimal coupling coefficient is 
found  

Classical Nudging - Examples with the Lorenz ‘96 model: 
 
 
Observations are taken every ns sites, i.e. in the subset sites O=(1, 1+ns, 1+2ns, …) 

i=1,…,N with N=60 



•  EC-Earth v2.3 
•  Nudging T and S below the 

mixed layer  
•  The effect propagates 

globally and to “un-
observed” variables   
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κ0 = κ1

Delay Coordinate Nudging  
Smallest RMSE as a function of the delay τ 

Observations every 3 sites (ns=3) and at present plus one past time (P=2) 
Black line: Optimized forcing  
Red line: Set k0=k1 
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κ0 = κ1

Delay Coordinate Nudging  
Smallest RMSE as a function of the delay τ 

Imperfect Model – Unresolved scales 

The truth is given by the two-scales 
Lorenz ‘96 model: 

•  h=1, c=10, J=10 è The truth 
possesses 600 degrees of freedom  

•  The model has only the resolved 
scale with 60 degrees of freedom  

Observations every 3 sites (ns=3) and at present plus one past time (P=2) 
Black line: Optimized forcing  
Red line: Set k0=k1 



Conclusions – Part II 
 

•  Delay coordinate nudging keep the ease of implementation of standard 
nudging and can thus be applied to large scale system at affordable 
computational cost. 

•  It can still be seen as a viable choice before the implementation of 
more sophisticated (and power demanding) DA methods 

•  Even with not-optimal tuning delay coordinate nudging outperforms 
standard one. 

•  The optimal delay is related to the rate of information lost measured 
by the dominant Lyapunov exponent of the system (not shown here).  
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